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NUMERICAL METHOD OF CALCULATING THE DOPPLER EFFECT AND THE
REDUCED DIFFERENCE OF DOPPLER FREQUENCIES OF RADIOWAVES
COHERENTLY EMITTED FROM ARTTFICIAL EARTH'S SATELLITES

Kosmicheskiye Issledovaniya By

Tom 6, vyp.No.3, pp 389-394 o D.S. Lukin and

Izd~vo "NAUKA", Moscow 1968. V.A. Shkol'nikov
SUMMARY

A numerical method is proposed for calculating the Doppler effect and
the reduced difference of Doppler frequencies of two coherent radiowaves
emitted from artificial Earth's satellites or from geophysical rockets in
a three-dimensional inhomogenous magnetoactive medium.

The results of the calculation of the reduced difference of Doppler
frequencies of two coherent radiowaves (£, = 20 mc, f, = 90 mc) along the
orbit of a "Kosmos"-type AES are presented for a spherically stratified and
horizontally inhomogenous ionosphere for a two-dimensional case. The effect
of horizontal gradients of electron concentration on the reduced difference
of Doppler frequencies is demonstrated by means of numerical calculations.

*

The method of ionosphere studies based on the investigation of the
reduced difference of the Doppler frequencies of two coherent radiowaves
emitted from artificial Earth's satellites or from geophysical rockets has
become fairly widespread. Both the theoretical premises of this method and
a sufficiently large experimental material were the object of numerous stu-
dies [1-11]. However, numerous difficulties arising during estimates of the
influence of various factors (inhomogeneity and non stationary state of the
ionosphere, horizontal gradients, fine structure etc.,) on the magnitude of
the Doppler frequency shift fail to provide a clear idea of the vast infor-
mation on the ionosphere which this value yields. Therefore, it is interesting
to make a direct estimate of the influence of various effects by means of a
numerical calculation of the reduced difference of the Doppler frequencies of
two coherent radiowaves for different models of electron concentration distri-
bution in the ionosphere.

METHOD OF CALCULATING THE DOPPLER EFFECT IN AN INHOMOGENOUS
AND MAGNETOACTIVE MEDIUM

Iet us write the expression for the electromagnetic field component in



the form

AG) = Aofr) S, W

where the wave amplitude A, (r) is a slowly varying ﬁmétion, while the
phase S is a large quantity which is function of coordinates and time

(2)
S(r, t) = P (r, 1) — of.

By definition the wave frequency is a variation of phase in tlme,
therefore, in a stationary case, the frequency is

ds (3)

m———-—____.

dt’

while the phase derivative with respect to the coordinates determines the
wave vector k

Vp(r) = k(r, 0). (4)

If the medium is nonstationary and the source of radiation is displaced
with a velocity ve == ve{rx=dz/dt, vy==dy/dt, v, ==dz[dl}, the frequency of
the received wave is equal to

dS (x, t) (5)

o = [(’)qda: élpdy'c?\pdz]_}_w
di dx dt 9y dt ~ 0z dt

Taking into account (4) we obtain

, , _ % (6)
) =-—-(k\c)+&) ot y

wherefrom the frequency variation due to the Doppler effect will be
AQ):O)"‘(D’:(]{VC)‘!‘”EP'- @
at
For (kv) >a¢/at, we have

Aw = (ch) == JoyUx + kyvy + kzl)z, (8)

where j; =2 n(r o, k) cosa;, n(r, o, k)is the wefraction index of the medium, while

acosa; (i = 1,2, 3) are the direction cosines of the beam.



Ao = 2 n(r, 0, k) (cos a1x - c0s 0avy, + cos asv;). (8")

C

To determine k; (or o;) we shall use the numerical solution of the first
system of differential equations [12].

dk . dwn?® / Jdwn? dr . {Zch_
do ' dt _ ok

dw®n? ) 1 dw?n? (9)
i oo

—d; - or

The first three scalar equations of this system determine the phase
trajectory of the beam, while the second three determine the group trajectory.

In the isotropic case the refraction index of the medium is a function

which depends solely on coordinates and frequency n = n(r, ©), Therefore
dw’n® [0k = 0 * Then, for an isotropic ionosphere with a refraction index

n=7V1 - wZ/w? we have

ks d[—(cg n(r,w)cos ai] on

I P (10)
dz; c? \

= o (r, ) cosa; == Xlw (i=1,2,3),

while according to [13], in an arbitrary orthogonal system of coordinates the
trajectory of the beam is determined bv the following system of differential

equations ' dz; = cosO4
~Z1—:~— == CN —-—]Ii )
da; clgai : a(nd;) cos a; c on
“ar . Hi' Z[ - H; }_ H;sin a; 9z (11)

_ ]ﬁhsinol—ij___i
Hi is the Lam€ coefficient.

For the case of radiowave propagation in the troposphere, the refraction
index is a function of coordinates rn = n(r) only and the trajectory of the beam

is determined by the following system of differential equations

8 2 . )
cn [cos atab',] (=123),
IIJ 6.’2{

d.'l:i__ S

dv n(r)co %

I a ‘ (12)
.d__‘,-—_— (OJ (i=1,2,3).

dv n(r) ox;

* The right parts of system (9) were derived bv means of the differentiation

of implicit function g(rk o) = c*k* —w2n*(rk 0) =0 with respect to varjables 1,&o,

Therefore, in an isotropic case w?n? is explicitly independent of k.



If the analytical or numerical dependence of electron concentration A (r)
is known, or the refraction factor of the medium n(r, ©®), is given, the right
hand parts of systems (9)-(12) are known functions and at glven initial con--
ditions k|, = ko, '|lwe =10 , the inteqration of the systems is obtained in the
form of a series or values ki(t), zi(t1); ki(w2), z:i(12) etc along the trajectory
of the beam over a specific time interval At which is the system's integration
step.

-

Having calculated various ky values (or, which is the same, various out-
going angles of beams o, since ky; =-> nycosap), at a fixed ry, we obtain a
family of integral curves, i.e. a fami. 1y of beam trajectorles originating from
the point emitter's.

If the trajectory of the artificial Earth satellite is given, then at the
points of its intersection with the integral curves (beam trajectories) the
components of the wave vector k; and the actual angles of the direction cosine
o; are known, and the velocity components of object v, are given.

Consequently, the Doppler frequency shift along the trajectory of the
object can be determined at these points by formulas (8) or (8').

METHOD OF CALCULATING THE REDUCED DIFFERENCE OF DOPPLER
FREQUENCIES FOR TWO COHERENT RADTICOWAVES

Using (8), we shall write the expression for the difference of the Doppler
shift of two coherent frequencies w; and w, reduced to the lowest frequency w,,

Swi, 2 = Awy— o Aoz == (kyve)— S)‘1—(k2"~h~,) (13)
W2 w2

or according to (8')

(14)

w1
oy, 2 = — 2 {nicos oy — n2cos a2 ) v;.
c

=t

let w, + ©, then n, = 1 (case of rectilinear electromagnetic wave propa-
gation) and the expression (14) will be rewritten in the form
3
Sw1, o = o 2 (nqcos ay — cos a%) vy, (15)
(44

=1

where uiO is the angle between the vertical passing through the point at which
AES is located and the straight line linking this point with the point of ob-
servation.

Formula (15) determines the Doppler shift of frequency w; caused by the
inhamogeneity of the medium. On the basis of formula (15) it is possible to
determine Sw, ..
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It is evident that the reduced difference of two Doppler frequencies
w; and w, coherently emitted from an artificial Earth satellite, is

6(‘)1, g = i), o0 — ((‘)1 / (‘)2) dwa, o (16)

In the following, this will allow us to estimate the error which occurs
on account of the fact that, as a rule, the effect of the medium on the higher
coherent frequency w, is neglected in the calculations.

CASE OF A HORIZONTALLY INHCMOGENEOUS IONOSPHERE

To investigate the effect of a horizontal inhomogeneity of the ionosphere
on the Doppler difference of two coherent frequencies, we shall consider the
simplest case when the trajectory of the object coincides with the incidence
plane of the electromagnetic wave.

In the polar system of coordinates r, 6 (Fig.l)
formula (15) has the form
By 00 = o {{n(r,8,0:)cos @+ cos(a —8)}v, +
i (17)
+ [1(r, 8, @1) sin @ -~ sin (@ — 0) Jve},

vhere v.. and v, are the vertical and horizontal
velocity components of the object.

Designating by Sw, and Suwyg the components
Sw, _ , dependent on v, fand vy, the expression (17)
can be rewritten in the form

S, Sa
Dy o0 = B, - Soe = ( @ \ +/ Oe) ve. (171)

Fig.l

To determine r, 6 and ¢ we have a system of
differential equations

il - 0,
__': = n,(r, O,Q)CCOS P, (.q — ili_(’__ E‘,)_)_ sin Q,
dr dx ro (18)
d(p ¢ d(nr) ¢ d(nr) .
v a0 cose T or SmQ,

which follows from the system (11) at H; =1, H, = r.

On the basis of formula (17) and using the numerical integration of
system (18), we have calculated dw, and Swg on an electronic digital computer
by the Runge-Kutta method for different models of a spherically laminated and
horizontally inhomogeneous ionosphere and different critical frequencies of



layer F,.

In the calculation it was assumed that the dependence of the refraction
index on the coordinates is determined by formula n?(r, 8) = 1 - 0?®(r,0),

where £q,/f, and

0 for

ro (1 + A sin An8) — r 1232
oro)={{t—| (d+ - ) |} for
e—blr=r,,.(6)] for

rm'_‘,’,/m<r»

(19)

r < rn(0),

r > rp(0).

Fig.2 shows the results of calculation of beam trajectories (Fig.2a) and
of components Sw,/vy and Swg/vg (Fig.2b,c) of the reduced Doppler frequency
shift at various initial angles ¢, (see Fig.l) for the case of a spherically

laminated ionosphere (Ay = 0, tp =
a = 0,15; fl =

of a spherically laminated and horizontally inhomogeneous

VX .
2, £8
) t=y sec
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Fig.2-b

Fig.2-c

Using the curves of Fig.2 it is possible to plot the values of the reduced

difference Sw, « for any v, and vy, i.e. for any AES orbit.

Fig.2-a shows on

the dashed liné an AES trajectory under the assumption that vy = 0.5 km/sec,

while vy = 5 km/sec.

At these values of the velocity components we have calculated the reduced
difference of Doppler frequencies for two coherent radiowaves (Fig.3-a) along
the outbound trajectory of an AES from the Earth (Fig.3-b)

On Fig.3-a curve 1 corresponds to the case of a spherically laminated iono-

sphere (A, = 0, ry = 6670 km, yy = 200 km, b = 2:10™2 km™?, a =

0.15; f1 = 20 Mc)

which is the first model, while curve 2 corresponds to the case when the altitude
of the electron concentration maximum varies according to the law



r(0) = ra(1 + 4 sin 7.,8), (20)

where Ay = 60, A = + 0.005 (sign <<+>> corresponds to the right side of
Fig.3-a) and ry = 6670 km (yy = 200 km, b=2.10-" km, a = 0.15; £; = 20 Mc)
which is the second model.

vt electron/ cm-3 ~ The beginning of time reading was selected

4 c at the time of AES passage of the zenith at an

7k altitude of 350 km. At the points where the satel-
/L lite orbit was intersected by beam trajectories

pl z/ (see Fig.2-a) we have t = R 0(1)/vg.

S0 " 17 ; . "
“ o s sec Fig.3-c shows the variation in electron con-
centration along the selected orbit for, respectively

the first (curve 1) and the second (curve 2) model.

: ‘ The decrease in electron concentration on the
ST e sec 1eft hand side is related to the AES being located
B, cen’ ) below the ionization maximum.

As may be seen from Fig.3-a and c, curves 1
corresponding to the case of spherically laminated
ionosphere may be interpreted as an averaging of
curves 2 calculated for an horizontally inhomogeneous
ionosphere.

’
Z2

w0 oa sg

£ 8

t=-{—, gec
)

Vi¥
-300 \f{%
2% '
Comparison of curves 2 for the Doppler shift
Fig.3 difference and the electron concentration along the
orbit shows that inhomogeneity dimensions are deter-
mined by relations p % !/, vgT on the right side and o 4 vgT on the left side
of Fig.3. For the given model these relations are approximately valid every
where with the exception of the region near zenith (T is the time interval bet-
ween the maxima of curve 2, Fig.3-a).

Fig.4 shows the values calculated according to for- Fw, sec”
mila (17) of the reduced difference of Doppler frquencies -400 2
for the first (curve 1) and the second (curve 2) ionosphe-
re model at £, = 20 Mc (solid curves) and f, = 90 Mc (da-
shed curves). The critical frequency £, = £3.5 cm. Com
parison of the curves shows that

Swi,2 == 801,00 — 01/ 02802 % = §01, o,

0 200

i.e. that in calculations with a precision to v 5%, the -200 ~197 "} t
) sec

effect of the medium at the higher frequency (90 Mc) may
be, for all practical purposes, ignored.

The submitted formulas may be used also in calcula-
ting the Doppler frequency shift during vertical laun-
chings of rockets when the point of observation is loca-
ted at same distance from the take-off point. Fig.4
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- It should also be noted that errors in determing satellite and rocket
velocity due to the effect of the inhomogeneity of the medium can be cal-
culated on the basis of formula (15).

‘ Manuscript received on
8 Decenber, 1967.
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